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Abstract

Let R be a *-ring, an additive mapping g: R — R is said to be a *-generalized derivation if
there exists a *-derivation d: R — R such that g(xy) = g(x)y* + xd(y) for all x,yeR. And an
additive mapping g: R — R is said to be a Jordan *-generalized derivation if there exists a
Jordan *-derivation d: R — R such that g(*) = g(x)x* + xd(x) for all xeR. The purpose of this
paper is to prove some result on a *-generalized derivation and Jordan*-generalized
derivation which study some properties of these mappings, also we will give a relations
between this mappings and commutatively or normality of *-ring R.
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1. Introduction

Throughout, R will represent an associative ring with center Z(R). A ring R is n-torsion
free, if nx = 0, x € R implies x = 0, where # is a positive integer. Recall that R is prime if aRbd
= (0) implies @ = 0 or b = 0, and semiprime if aRa = (0) implies a =0. An additive mapping x
—sx* on aring R is called an involution if (xy)* = y* x* and (x)**=x for all x, y € R. A ring
equipped with an involution is called *-ring (see [1]). As usual the commutator xy - yx will be
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denoted by [x, y]. We shall use basic commutator identities [xy, z] = [x, z]y +x[y, z] and [, yz]

=[x, ¥]z + y[x, z] for all x,y,z €R, (see [1, P.2]). Also we write xo y=xy+yx for all x, y €R (see

[1]). An element x in a *-ring R is said to be hermitian if x* = x and skew-hermitian if x* = -x.

The sets of all hermitian and skew-hermitian elements of R will be denoted by H(R) and S(R),

respectively. If R is 2-torsion free then every x € R can be uniquely represented in the form
2x =h + k where h € H(R) and k € S(R). An element x € R is called normal element if xx*

=x*x, and if all the elements of R are normal then R is called a normal ring, an example is the
ring of quaternion. A description of normal rings can be found in [2]. An additive mapping d:

R—R is called a derivation if d(xy) = d(x)y + xd(y) holds for all pairs x,yeR, and is called a
Jordan derivation in case d(x*) = d(x)x + xd(x) is fulfilled for all x € R. Every derivation is a
Jordan derivation, The converse is in general not true. A classical result of Herstein [3] asserts
that every Jordan derivation on a prime ring of characteristic different from 2 is a derivation.

Cusack [4] generalized Herstein’s theorem to 2-torsion free semiprime ring . An additive
mapping d: R—R is called a *-derivation if d(xy) = d(x)y* + xd(y) holds for all x,yeR, and is
called a Jordan *-derivation in case d(x?) = d(¥)x* + xd(x) is fulfilled for all x € R, the
concepts of *-derivation and Jordan*-derivation were first mentioned in [5] for more details
see also ( [6] and [7]]). A left (right) centralizer of R is an additive mapping T: R—R which
satisfies T(xy) = T(x)y (T(xy) = ¥T(y)) for all x, y € R. A centralizer of R is an additive
mapping which is both left and right centralizer. A left (right) Jordan centralizer of R is an
additive mapping T: R—R which satisfies T(¢’) = T(x)x (T(x’)=xT(x)) for all x € R. A Jordan
centralizer of R is an additive mapping which is both left and right Jordan centralizer (see
[8,9,10, and 11]). Every centralizer is a Jordan centralizer. B. Zalar [11] proved the converse
when R is 2- torsion free semiprime ring. Inspired by the above definition Majeed and
Altay[12] defines. A left (right) *-centralizer of R is an additive mapping T: R—R which
satisfies T(xy) = T(x)y* (T(xy) = x*T(y)) for all x, y € R. A *-centralizer of R is an additive
mapping which is both left and right *-centralizer. A left (right) reverse *-centralizer of a *-
ring R is an additive mapping T: R—R which satisfies T(yx)=T(x)y* (T(yx) =x*T(y)) for all
x,yeR. A reverse *-centralizer of R is an additive mapping which is both left and right reverse
*-centralizer. A left (right) Jordan *-centralizer of R is an additive mapping T: R—R which
satisfies T(¢*)=T(x) x* (T(x*)= x*T(x)) for all x € R. A Jordan *-centralizer of R is an additive
mapping which is both left and right Jordan *-centralizer. Every reverse *-centralizer is a
Jordan *-centralizer. Majeed and Altay [12] proved the converse when R is 2- torsion free
semiprime *-ring. In [13] B. Hvala has defined the notion of generalized derivation as
follows: An additive mapping g : R — R is said to be a generalized derivation if there exists a
derivation d : R — R such that g(xy) = g(x)y + xd(y) for all x,yeR. Also, he called the maps of
the form x — ax+xb where g, b are fixed elements in R by the inner generalized derivations.
By a similar fashion to the definition of the *-derivation and the Jordan *-derivation,[14] M.
N. Daif and M. S. Tammam, define the concepts of a *-generalized derivation and a Jordan *-
generalized derivation as follows, an additive mapping g : R — R is said to be a *-generalized
derivation if there exists a *-derivation d : R — R such that g(xy) = g(x)y* + xd(y) for all
x,yeR. And an additive mapping g : R — R is said to be a Jordan *-generalized derivation if
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there exists a Jordan *-derivation d : R — R such that g(x’) = g(x)x* + xd(x) for all xeR. A
generalized *-derivation g : R — R of *-ring R is called commuting mapping if [g(x),x]=0
for all x € R the second result give relation between normal *-ring and commuting
generalized *-derivation. A Jordan generalized *-derivation g: R—R s called inner if
g(x)=ax*+xb for all x € R, and fixed element a,b € R.

2. The Main Results

In this note we will give some result on a *-generalized derivation and Jordan *-
generalized derivation, and we will give a relation between a normal *-ring and commutative
*-ring for prime and semiprime *-ring and *-generalized derivation and Jordan *.generalized
derivation. :

Since every *-generalized derivation and Jordan *-generalized derivation, but the converse
in general is not true.

The following example illustrates this note:

Example2.1. Let R be a 2-torsion free semiprime *-ring and let a € R such that [a,x]#0 , for
some x € R. Define a map g: R—R as follows

g(x)=ax*txa forallx e R, : (1)
For all x € R we have
g0 )=ax ¥ +x’a= ax¥-xax*+xax*+¥’a
=ax*+xa)x*+x(xa-ax*)  forallx € R. ()
Also, define a map d: R—>R as follows
d(x)=xa-ax* forallx ¢ R. 3)
Clearly that d is an additive mapping, and
d(xpe*+xd(x)= (xa-ax*) x*+x (xa-ax*)
=ax¥+x’a=d(x’) forallx € R. )

Then d is a Jordan *-derivation, and g(x’)=g(x)x*+xd(x) is a *-generalized Jordan derivation.
But g not a *-generalized derivation. If we assume that g is a *-generalized derivation then for
x,y in R we have

g(ey)=ay*x*+xya=g(x)y*+xd(y)

=ax*y*+xay*+xya-xay* forallx,y € R. (5)
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a[x*y*=0 forallx,y e R. (6)

Replace x by xr* in the relation (6) hence

ar[x*y*]=0 forallx,yr e R @]
Left multiplication the relation (6) by re R, we get

ralx*y*]=0 forallxyreR. (8)
Then from (7) and (8) one can obtain

[a,r] [x*y*]=0 forall x,y,r € R. ©
Replace y by r* and x by (za)* in the relation (9) we get
[ar] z [a,r]=0 for all x,y,r € R. (10)
Since R is a semiprime *-ring, then from relation (10) we obtain

[a,r]=0 forall r e R. (11) This is
contradiction, hence g is not *-generalized derivation.

Now we will give a result which is very important to obtain a *-generalized Jordan
derivation on a 2-torstion free semiprime *-ring with an identity element.

Theorem2.2. Let R be a 2-torsion free *-ring with an identity element, g: R — R be an
additive mapping satisfying the relation

g(¢’) =g()x*+xd(x)x*tx’d(x) forallx € R. (12)
Where d is a Jordan *- derivation. Then g is a *-generalized Jordan derivation.
For the proof of the above theorem we shall need the lemma below.
Lemma2.3. Let R is a *-ring with one then:

1- The mapping g: R — R be a Jordan *-generalized derivation (g(x’) = g(x)x* + xd(x))
for all xeR.) for some Jordan *-derivation d : R — R if and only if g(y)=ay*+d(y)
for all yeR, where d is a Jordan*-derivation.

2- If The mapping g: R — R be a *-generalized derivation (g(xy) = g(x)y* + xd(y)) for all
x,yeR.) for some *-derivation d: R — R then, g(x) =ax*+d(x) for all xeR.

Proof: (1) We have
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g()=g(x)x*+xd(x)  forallx e R. (13)
Linearization (13) we get
gl tyx)=g(x)y*+xd(yy+tg(y)x*+yd(x) forallxy eR. (14)
Replace y by xy+yx in (14) and since R is 2-torsion free we get
glox)= gx)y*e*+xd(y)x*+xyd(x)  forallx,y e R. (15)
Replace x=1, in (15) and since d(1)=0 we get
g)=ay*+d(y) for all yeR. (16) -

Where a=g(1). Conversel,y, replace y by y* in the relation (16) we obtain
807 )y=ay* +d(F)=(ay*y*+d()y*+yd(y)
=g(y)y*+yd(y) forall yeR. (17)

Proof (2) we have
g(xy) = gx)y*+xd(y) forall x,yeR (18)
Replace y=1,in the relation (18) we get :
gix)=ax*+d(x) forall xeR (19)
Where a=g(1).

Proof of theorem2.2:
Linearization the relation (12), we get
B0yttt e ey =)ty g () B g0y HH
BOIX "y g0y e *+g () hxd(x)y *hxd (e *tyd (e Hyd () *
Hxd(y)y *yd(e)y *eyd (e tyxd(epy d(x)rxpd () Hyxd () Hd(y)
for allx,y € R. | (20)
Replace x by -x in the relation (20) we obtain
By ey y e by yy ) g(y )y e -g ey -
gty *-g(y)y e (e xd (e)y *Hxd (V) Hyd ey pd () *
“xd(y)y *-yd(x)y *Feyd ey Hyxd(0)-°d(x)-xyd ()-xd o)+ d ()
forallx,y € R, 21)

According to the relation (20), (21) we obtain
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By -y +xyx)=g(e by *rg(e)y Mgy xd (x)y*
EydQ (e pd (9 ad @ HdG)
forall x,y € R. (22)

Now replace x by 1 in the relation (22) and since R be a 2-torsion free and d(1)=0 , we get,
g(v)=ay*td(y) forallx € R, then by using Lemma2.3 we get g is a *-generalize Jordan
derivation.

M. N. Daif and M. S. Tammam [6], prove that: let R be a 6-torsion free semiprime *-ring
and let g: R — R be an additive mapping satisfying the relation
glxyx)=g(x)y*x*+xd(y)x*+xyd(x) forall x,yeR. (23)
For a Jordan *- derivation d of R. Then g is a Jordan *-generalized derivation. In this theorem
we will prove same result to a M. N. Daif and M. S. Tammam, but in case R is a 2-torsion
free semiprime *-ring.
Thorem2.4: let R be a 2-torsion free semiprime *-ring and let g: R — R be an additive
mapping satisfying the relation (23), for a Jordan *- derivation d of R. Then g is a Jordan *-
generalized derivation.
To prove above theorem we shall need the following result:
Lemma2.5. Let R be a *-ring, then
1- The mapping g: R — R be a Jordan *-generalized derivation (g(x’) = g(x)x* + xd(x) for all
xeR.) for some Jordan *-derivation d : R — R if and only if g=T+d where Tisa left Jordan
*_centralizer and d is a Jordan *-derivation.
2-The mapping g: R — R be a *-generalized derivation (g(xy) = g(x)y* + xd(y) for all x,yeR.)
for some *-derivation d : R — R if and only if g=T+d where T is a left *-centralizer and d is
a *-derivation.
Proof: (1) We have g be a Jordan *-generalized derivation
Let T=g-d clear that g=T+d, since g and d is additive then T is additive,
Also, T()= g0)-d(r)= glohe* + xd(x)-de)* -xd(x)
=(g-d)(x) x*=T(x)x* for all xeR. (24)
Hence T is a left Jordan *-centralizer, and therefore g=T+d, T is a left Jordan *-centralizer
and d is a Jordan *-derivation.
Conversely,
We have, g=T+d where T is a left Jordan *-centralizer and d is a Jordan *-derivation, then
80)=T()+d()=T(xpe*+d(x)x *+xd(x)
=(T+d)(x)x *+xd(x)=g(x)x*+xd(x) for all xeR. (25)
Hence g is a Jordan *-generalized derivation.

Proof: (2) We have g be a *-generalized derivation
Let T=g-d clear that g=T+d, since g and d is additive then T is additive,

Also,
T(0)= g02)-d0)= gle)y* + xd()-dCe)y* -xd(y)
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=(g-d)(x) y*=T(x)y* forall x,yeR. (26)
Hence T is a left *-centralizer, therefore g=T+d T is a *-centralizer and d is a *-derivation

conversely,
We have, g=T+d where T is a left *-centralizer and d is a *-derivation, then
£0)=T(0)+d()=T(y*+d(x)y*+xd(y)
=(T+d)(x)y*+xd(y)=g(x)y*+xd(y) for all x,yeR. 27
Hence g is a *-generalized derivation.

Proof of theorem?.4;

IfR have an identity element, put x=1 in (23), and using Lemma2.3 we get g is a Jordan *-
generalized derivation, so we define the mapping T: R—R by T(x)=(g-d)(x) for all xR, since
g and d is additive then T is additive, also

TCayx)=g(0)-d(yx)= @)y kexd () *+xyd(0)-d)y e xd () *-xpd(x)
=(g-d)(x)y**=T(x)y*x* for all x,yeR. (28)
Hence same away for prove: of [Theorem (1.1.35) in [12]] we get T is a left reverse *-
centralizer and therefore T is a left Jordan *-centralizer, and therefore g=T+d where T is a left
Jordan *-centralizer and d is Jordan *-derivation, therefore by using Lemma2.5 we g is a
Jordan *-generalized derivation.

In this theorem we will give a relation between generalized *-derivation and commutative
*-ring,

Proposition2.6. Let R be a semiprime *-ring, and let g: R—R be a nonzero *-generalized
derivation, then g(x) € Z(R) for all xeR, and if R is a prime *-ring then R is commutative *-
ring.

To prove this result we need the following lemma:

Lemma 2.7.[48]. Let R be a semiprime ring, and let a be an element in R , if ax,y] = 0 for all
X,y € R, then there exists an ideal U of R such thata € U c Z(R).

Proof of proposition2.6:
Replace y by yz in (18) we get

g(x(yz))=g(x)z*y*+rxd(y)z *+xpd(z), for all x,y,z €R, (29)

Also,
8((0)2) =gy z*xd()z*txpd(z),  forallxyz eR, (30)
If we comporting (29) and (30) we obtain
g(x) ¥ z*¥]=0 for all x,y,z €R, (31)
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By using Lemma2.7 we get g(x) < Z(R) for all xeR, if R is prime *-ring from (31) we
get g(x) r [y*%2*]=0 forall x,y,z €R, since R is a prime *-ring and 0#£g, we get R is
commutative *-ring,

M. BreSar and J. Vukman In [16] proved that, if R be a non-commutative prime *-ring of
characteristic different from2, then R is normal ring if and only if there exists a nonzero
commuting Jordan *-derivation. In this theorem, we will give a result similar to the result of
M. Bre8ar and J. Vukman [16], but in case Jordan generalized*-derivation.

Theorem?2.8. Let R be a 2-torsion free non-commutative prime *-ring. Then R is normal *-
ring if; and only if| there exists a non-zero commuting Jordan *-generalized derivation,

To prove this theorem we need the following results:

Lemma 2.9.[12].Let R be a 2-torsion free prime *-ring, I an ideal of R, and T: R—R an
additive mapping which satisfies T(x?) = T(x) x* for all x € [, then R is commutative.

Proof of theorem?2.8:

Define the mapping g: R—R by
glx)y=x+x* for all xeR. (32)
Clearly that g is additive, also
gy =¥ +x"=x ¥tk *+ X=g(x)x*+x(x-x*) for all xeR. (33)

Define a map d: R—R as follows
d(x)=x-x* for all xeR. (34)
Clearly that d is additive, also
d(F)=xox¥= Xoxx*Hx00*- ¥ =(x-x ¥ *+x(x-x*)
=d(x)x *+xd(x) for all xeR. (35)

We get d is a Jordan *-derivation, hence from (34) and (35) we get g(x’)=g(x)x*+xd(x) for
all xeR, is a Jordan generalized *-derivation. Also since R is a normal *-ring we obtain

() xI-lxrx*xl-[xx}+frtx=0  forallxeR. (36)
Hence g is commuting mapping, also if g=0, we get
x+x*=0 for all xeR. (37
Replace x by xy in the relation (37) and using (37) we get
xy+yx=0 forall x,yeR. (38)

Since R is a 2-torsion free one can show that from above relation
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¥’=0  forall xeR. (39)
Hence left multiplication (38) by x and using (39) we get
xyx=0 forall x,yeR. (40)

By semiprime of a *-ring R, we get x=0 for all xR, which is Contradiction, hence g be a
non-zero commuting Jordan *-generalized derivation.

To show the converse, let g : R — R be a a nonzero commuting *-generalized Jordan
derivation (g(x’) = g(x)x* + xd(x) for all x, yeR.) for some Jordan *-derivation d :R =R by
Lemma2.5 we get, g=T+d where T is a left Jordan *-centralizer and d is a Jordan *-
derivation, if 0#T then by Lemma2.9 we get R is commutative *-ring which is a
contradiction, hence T=0, therefore 0#g=d, hence by M. BreSar and J. Vukman [16] we get R
is a normal *-ring.
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